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Abstract
We consider electric-magnetic duality(S-duality) in IIB matrix model with a D3-brane
background. We propose the duality transformation by considering that of noncommu-
tative Yang-Mills theory(NCYM) in four dimension. NCYM derived from the matrix
model has a Yang-Mills coupling related to the noncommutativity of the spacetime.
We argue that open strings bits as bi-local fields on the spacetime are decoupled from
the bulk in NCOS decoupling limits as it is in string theory approach. We also discuss
how our four dimensional spacetime relates to higher, by applying the decoupling and
the commutative limits of the backgrounds of the matrix model.
∗I am sorry there may be a lot of strange English in this preprint. I will correct them as soon as possible
and show as revised version.
† e-mail address : takata@imsc.ernet.in
1 Introduction
Our world is a brane3; this picture gives us a direct understanding of nature from string
theory. This idea is so attractive and a lot of people are trying to derive our spacetime from
some consistent theory - string theory4 or its matrix description [1][2][3][4][5][6]. Unfortu-
nately, we have not succeeded to get neither the spacetime dimension 4, gauge group, the
variety of quark masses etc. Deriving the number 4 may be the easiest. Although these
tasks are not done in this paper, the motivation is along the line.
The electric-magnetic duality is originally a duality of exchanging electronic (E) and
magnetic (B) field in Maxwell equations in 4 dimension5 [7][8]:
divE = ρe , rotB − E˙ = je ,
divB = ρb , rotE − B˙ = jb . (1.1)
It has been extended to that of supersymmetric YM and superstring theory as S-duality
[9][10][11]. 4 dimensional spacetime as D3-brane naturally appears in type IIB superstring
theory[12]. Since this whole system is the selfdual, the duality symmetry gives us some in-
formation. Now we should think of the duality on noncommutative 4 dimensional spacetime.
We will concentrate, however, only to electric-magnetic duality of noncommutative U(1). In
the case of noncommutative U(1), the dual transformation exchanges the spacespace non
commutativity θ01 and the spacetime noncommutativity θ23. This is because the action
includes terms contracted over Lorentzian indices among E , B and θ01, θ23[13][14].
Noncommutative Yang-Mills theory(NCYM) appears in string theory with D-brane. The
coordinates parameterizing D-brane world volume are, in generic, non commutative[15][16].
Then it is natural to replace the coordinates by matrix valued ones. The traditional string
theory have only 1-branes within a 9-brane, then the dynamical variables are written like
this:
X(τ, σ) , (1.2)
where both X and τ, σ are just 1×1 matrices. Now there are various dimensions of brane in
string theory, and lower dimensional branes live there in general. So we may write roughly,
· · · (Xp (Xp′ (Xp′′ (· · ·)))) · · · , (· · · p ≥ p′ ≥ p′′ · · ·) , (1.3)
3“brane” here is some space which has an almost definite the spacetime dimension, and in particular,
means fundamental string or Dirichlet brane in string theory.
4“string theory” in this paper means the theory of string described by world sheet. “string” is, however,
used with the matrix model as well as “string theory”.
5Euclid version are considered in this paper
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where Xp means a collection of coordinates of branes having lower dimension than p+1, and
all Xp’s are matrix valued. It is too complicated. While there is some consistency condi-
tion simplifying it[17], IIB matrix model[18][19] is assumed to describe this brane complex.
The dynamical variables are 10 matrices(and their superpartners), whose each entry is ,
surprisingly, just a number independent of any parameters.
This simplification was first found as Eguchi-Kawai reduction[20][21] in the gauge the-
ory framework, and found for branes[22][23]. In order to compensate of the reduction of the
degrees of freedom, the size of those matrices n is assumed to be large enough6. These equiv-
alences have been understood as Morita equivalence recently[24][25]. In fact NCYM4 can
be derived from the matrix model as an example. This is further studied in[26][27][28]. Our
future plan is to understand where informations of NCYM and string theory are embedded
in the matrix model.
In IIB matrix model, diagonal components of matrices describe the relative coordinates
of spacetime points and off-diagonal ones correspond interactions among them. So if these
coordinates have non zero value only for 4 direction, it means our 4 dimensional universe.
Actually, we can find 3-brane classical solution of the action. This 3-brane has a NCYM4 on
it[29], where gauge fields are from the quantum fluctuation while spacetime is from the clas-
sical background. Since the 3-brane solution forms Heisenberg algebra, 4 dimensional space
is constructed as Hilbert space. Although spacetime coordinate has uncertainty relation, the
coherent states make a intuitive 4 dimensional spacetime as von Neumann lattice[30][31][32].
In the paper[30][31], they showed open strings on the lattice and relates the noncommuta-
tivity to the string scale.
In approach to NCYM from the open string in the presence of the NS B field[33], there
is a decoupling limit of open strings on the brane from the bulk( NCOS limit)[34][35]. The
electric field cannot be larger than a critical value. It is because of the Lorentzian metric.
In the critical value, open strings in the world volume become tensionless and are decoupled
from closed strings in bulk. This feature suggests the existence of a non-critical string theory
only with open strings. Rather, it means a possibility of constructing some lower dimensional
spacetime from 10 dimensional one.
In the matrix model framework, one can understand this simply. In the paper[36], we
have found the correspondence between the electromagnetic field (E˜, B˜) on the open strings
6In this paper we do not answer how large n and do not care about finite n corrections
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and the spacetime noncommutativity(θ01, θ23) in the matrix model. Namely7,
(1− E˜2)θ012 = (2πα′)2 ,
(1 + B˜2)θ23
2
= (2πα′)
2
. (1.4)
This relation tells us what is the decouple limits in the matrix model as we will see. We will
get the intuitive explanation by using open strings bits on the von Neumann lattice. It is
also consistent to the feature in string theory[34][35]., This is directly understood when we
rewrite the eq.(1.4) to eq.(4.6), which is a relation between the noncommutativity θ01 in the
matrix model and θ01s in string theory derived in Ref.[33][34].
In this paper, we propose a electromagnetic duality of a 3-brane spacetime-time con-
structed from the matrix model. And the NCOS decoupling limit is found there.
In section 2, NCU(1)4 from the matrix model are derived. Where, non-self dual a 3-
brane solution are treated, namely, θ01 6≡ θ23. Since we are interested in the relation to the
case of commutative and the case of decoupled spacetime, we treat non selfdual solution
of background matrices in the matrix model. We also see open strings in it in terms of
bi-local fields. Each direction of momenta of open strings depends on the corresponding
noncommutativity. The gauge coupling gYM and noncommutativity θ
01, θ23 of the spacetime
are related[29] as eq.(2.11):
g2YM ∼ θ01θ23. (1.5)
In section 3, the electric-magnetic duality are considered. The standard prescription of
dual transformation is formulated as Legendre transformation in partition function[37]. We
use the relation of[13] for our NCU(1) case. Then the dual representation of the field strength,
the YM coupling and the noncommutativity of NCU(1)4 are gotten; eq.(3.3) and eq.(3.4).
The U(1) coupling gYM cannot to be 1 by rescaling of the gauge field A in noncommutative
case. In the matrix model framework, however, it is possible by rescaling of matrices. Thus
we get the duality of Maxwell equation in a 4 dimensional commutative spacetime.
In section 4, NCOS decoupling limit is defined in the matrix model( large θµν limit). The
correspondence of different approaches, that is, from open string with the B field and from
IIB matrix model are gotten in Ref.[36] and eq(1.4) . The momenta of open strings bits on
the von Neumann lattice are small near the limit; see eq.(2.7). This means the open strings
cannot form loops and decouple from closed strings. Rather, 4 dimensional spacetime are
7In the paper[36], we compared in Lorentzian.
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decoupled from other transverse directions. On the other hand, commutative limits( small
θµν limit) can also be taken. It is opposite limit to the decoupling limit. Different limits
are chosen for different directions, since θµν 6≡ θρσ now. Thus, we will propose how our 4
dimensional spacetime happens from higher.
Section 5 includes discussions of dynamical generation of 4 dimensional spacetime.
2 Noncommutative U(1) theory in four dimension
In this section NCU(1)4 is derived from the matrix model. In order to see the duality of the
matrix model, we first look into a theory around it, that is, NCU(1).
We start by following IIB matrix model action[18][29]:
S = − 1
g2
Tr(
1
4
[Aµ, Aν ][Aµ, Aν ] +
1
2
ψ¯Γµ[Aµ, ψ]). (2.1)
Now Aµ and ψ are n × n Hermitian matrices and each component of ψ is 10 dimensional
Majorana-spinor. We expand Aα = pˆα+ Aˆα, (for α = 0, 1, 2, 3)around the following classical
solution
[pˆα, pˆβ] = iFαβ (2.2)
Fαβ =


0 −1/θ01 0 0
1/θ01 0 0 0
0 0 0 −1/θ23
0 0 1/θ23 0

 , (2.3)
where θ01, θ23 are c-numbers. θ is defined as inverse of F . The noncommutative coordinates
are introduced as:
xˆα := θαβ pˆβ , (2.4)
and satisfy the relation:
[xˆα, xˆβ] = −iθαβ . (2.5)
Since we are going to see the duality and the decoupling limit, θ may not be self dual, namely,
θ01 6≡ θ23.
Followed Ref.[29][30][31], φˆ := {Aˆα, ϕˆi := Ai, ψˆ}, (α, β = 0 ∼ 3, i, j = 4 ∼ 9) are mapped
to usual functions on phase space formed by noncommutative coordinates explicitly:
φˆ→ φ(x) =∑
k
φ˜ke
ikαx
α
. (2.6)
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The summation over kα is performed as follows[29]:
kα=0,1 = ± 1
n
1
4
√
2π
|θ01| ,±
2
n
1
4
√
2π
|θ01| , · · · ,±
n
1
4
n
1
4
√
2π
|θ01| ,
±n
1
4 + 1
n
1
4
√
2π
|θ01| , · · · ,±
n
1
4
2
√
2π
|θ01| ,
kα=2,3 = ± 1
n
1
4
√
2π
|θ23| ,±
2
n
1
4
√
2π
|θ23| , · · · ,±
n
1
4
n
1
4
√
2π
|θ23| ,
±n
1
4 + 1
n
1
4
√
2π
|θ23| , · · · ,±
n
1
4
2
√
2π
|θ23| . (2.7)
Then we get the action of NCU(1) from eq.(2.1):
SNCU(1) =
1
(2πg)2θ01θ23
∫
d4x
(1
4
FαβFαβ
+
1
2
[Dα, ϕi][Dα, ϕi] +
1
4
[ϕi, ϕj][ϕi, ϕj]
− i
2
ψ¯Γα[Dα, ψ]− 1
2
ψ¯Γi[ϕi, ψ]
)
⋆
. (2.8)
Inside ( )⋆, the products should be understood as:
(φ1φ2)⋆(x) := φ1(x) ⋆ φ2(x)
:= exp(
θαβ
2i
∂2
∂ξα∂ηβ
)(φ1(x+ ξ)φ2(x+ η)|ξ=η=0 (2.9)
The covariant derivative and the field strength are defined as:
Dα := ∂α − iAα , Fαβ := i[Dα, Dβ]⋆ (2.10)
The Yang-Mills coupling is related to the noncommutativity as:
g2YM = (2πg)
2θ01θ23 . (2.11)
Now eq.(1.1) is the non commutative Maxwell equations, where (l, m, n = 1 ∼ 3)
ρe := [ϕi, ϕ˙i]⋆ + {ψ¯a, ψb}⋆(Γ0)ab , ρb = 0 ,
je := [ϕi, gradϕi]⋆ + {ψ¯a, ψb}⋆(Γ)ab , jb = 0 ,
divF := [Dl,F l]⋆ , (rotF)l := ǫlmn[Dm,Fn]⋆ ,
(gradϕ)l := [Dl, ϕ]⋆ , F˙ := [D0,F ]⋆ ,
(E l,Bl) := (F0l, 1/2ǫlmnFmn) · · ·written as F l (2.12)
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3 Electric-Magnetic Duality in the Matrix Model
In this section we consider the electric-magnetic duality of NCU(1) on a D3-brane in the
matrix model.
First we summarize the duality. When a theory can be written in two different ways and
just Legendre transformation exchanges the two, they are dual to each other. Namely in
NCU(1)[37][13]:
Z =
∫
DAeSNCU(1)[A,gYM ,θ] =
∫
DADeSNCU(1)[AD ,gYMD ,θD] (3.1)
where suffices D means the dual. The relation between them are:
gYMD =
1
gYM
,
θαβD =
g2YM
2
ǫαβγδθ
ρδ ,
FαβD = 1
2g2YM
ǫαβ
γδFρδ +O(θ) .
(3.2)
This is a spacetime-spacespace duality as well as electric-magnetic and strong-weak.
Next we will see this in our case. By using eq.(2.11), the dual Yang-Mills coupling and
noncommutativity of eq.(3.2) are written as:
g2YMD :=
1
(2πg)2θ01θ23
,
θ01 := (2πg)2θ01(θ23)2 ,
θ23 := (2πg)2(θ01)2θ23 . (3.3)
Since there is a relation eq.(2.11) in original theory, we would like the dual theory also to
have the same one: g2YMD = (2πgD)
2θ01D θ
23
D . This requirement determine how the coupling g
changes to gD:
gD :=
1
(2π)4g3(θ01θ23)2
(3.4)
We try to explain this by imaging a duality web. The partition function of the matrix
model is not changed under suitable rescaling of matrices. That is, rescaling of coupling g
dose not change the model. We have started with a g and chosen an arbitrary back ground
θ. On the other hand we can start by another gD and θD, and if those satisfy the condition:
(2πg)2θ01θ23 · (2πgD)2θ01D θ23D = 1 , (3.5)
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then two NCU(1)’s are the dual to each other. This duality transformation is just rescaling:
g → gD, which is a symmetry. It is natural to understand this if we remind type IIB
superstring is self S-dual and its matrix model too. Since the matrix model is Morita
equivalent(T-dual) to NCYM[31], understanding of U-duality may clarify this duality web.
Finally let us see, in particular, more simple and familiar case. We can find the dual pair
of NCU(1) from the matrix model with the same g, and find the electric-magnetic duality
for usual commutative Maxwell equations. The U(1) coupling gYM cannot to be identity by
rescaling of the gauge field A in noncommutative case. But, in the matrix model framework,
it is possible. For given g, we choose the back ground solution with θ01 and θ23 which satisfy
(2πg)2θ01θ23 = 1, namely, gYM = 1. Then the dual noncommutativities also satisfy the same
condition. Now the dual transformation is:
(θ01D , θ
23
D ) = (θ
23, θ01) ,
(ED,BD) = (B, E) +O(θ) . (3.6)
Thus, Maxwell equations without the sources have a duality in the following commutative
limit:
θ, θD → 0 , (2πg)2θ01θ23 = 1 . (3.7)
4 Decoupling and Commutative Limit
In this section we are going to define a decoupling limit( dimensional reduction limit) and
a commutative limit in the matrix model to push the brane world scenario. We assume the
spacetime dimension is almost equal to 4 and coordinates are almost commutative. It dose
not have to be exact 4 dimensional commutative spacetime. The stand point of this paper is
in 10 dimensional noncommutative one. Our strategy is getting the above brane world from
the matrix model in 10 dimension, by fine tuning the parameters θµν , (µ, ν = 0 ∼ 9).
We define the decoupling limit as:
θµν →∞ . (4.1)
In this limit,
[pˆµ, pˆν]→ 0 . (4.2)
This means the dimension of brane get down by two in µν directions, so it is natural defini-
tion.
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To explain this by string terminology, we need identify strings in the matrix model. It is
possible[30][31]. We will summarize it in the non selfdual case. The von Neumann lattice is
the best representing the intuitive spacetime [30][31][32]. It is constructed by using coher-
ent state of operators of the noncommutative coordinates which forms Heisenberg algebra:
eq(2.5). The lattice spacing is
√
2πθ01 for 0, 1 directions and
√
2πθ23 for 2, 3, which are
written as lµNC . Because of the noncommutativity, states cannot be localized. So, fields are
naturally represented as bi-local ones, which are functions of two points. Small momentum
modes, namely, the first and third line of eq.(2.7) correspond ordinary (commutative) field.
Large momentum modes, the second and forth line of eq.(2.7) correspond open strings. De-
fine dµ := θµνkν and decompose d as d = d0 + δd, where d0 is a vector which connects two
points on the lattice and |δdµ| < lµNC . The length of open string is dµ0 and the momentum
which can be associated with the center of mass motion of open string is kcµ := (1/θ)µνδ
νd.
There is an inequality:
|kcµ| <
√
2π
|θµ−1,µ| . (4.3)
In the decoupling limit eq.(4.1), only open strings survive (see eq.(2.7) where n assumed to
be large enough). The momenta of the open strings kc goes to zero. If one considers the
higher order correction to propergator of bi-local field, then the oscillation of open string
are seen by collecting open strings bits( see fig.). In the limit, however, the momentum of
the bits are goes to zero and the open string cannot make loop and is decoupled from closed
strings in bulk. So we call this limits as noncommutative open string( NCOS) limit. In the
paper[31] they identified the effective tension of the open string in the matrix model to the
noncommutativity:
Teff = 1/θ , (4.4)
Our decoupling limits means the tension of the open strings goes to zero.
These features are completely parallel to string theory approach by the world sheet with
NS-NS B filed[34][35]. In order to see this clearly we can use the relation between string
theory and the matrix model. In the paper[36] we have gotten the relation between IIB
open string with a D-brane having both electric and magnetic field on the D-brane and the
matrix model solution having both spacetime and spacespace noncommutativity. In fact,
we compared the interactions of two Dp-branes with various charges of lower dimensional
branes in different two approaches. Since the matrix model is defined in Euclid signature
the result should be wick rotated after the calculation[38]. Electromagnetic field E˜, B˜ on
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the D-brane in string theory and noncommutativity in matrix model are related as8:
(1− E˜2)θ012 = (2πα′)2 ,
(1 + B˜2)θ23
2
= (2πα′)
2
. (4.5)
Noncommutativities in the matrix model and in string theory are different from each other,
and above equations(4.5) tells us the relation to θ01,23s in string theory
9:
(θ01)2 =
(2πα′)2
2


√√√√1 +
(
2geθ01s
2πα′
)2
+ 1

 ,
(θ23)2 =
(2πα′)2
2


√√√√1 +
(
2gbθ23s
2πα′
)2
− 1

 , (4.6)
where the closed string metric is written as diag(−ge, ge, gb, gb). The critical electric field
limit(NCOS limit in string theory) is
|E˜| → 1 ,
α′ : fixed ,
ge ∼ 1
1− E˜2 . (4.7)
Then noncommutativities tend to:
θ01 →∞ , while θ01s : finite , (4.8)
and consistent with string theory approach.
Now, to see the connection to decoupled case, we may represent the solution pˆα in eq.(2.3)
as commutative pˆcommα ’s and qˆ
α
comm’s:
pˆα = pˆ
comm
α +
1
2
Fαβ qˆ
β
comm ,[
pˆcommα , qˆ
β
comm
]
= iδβα . (4.9)
Other commutators are equal to zero10. So these pˆcomm are regarded as commutative back-
ground solution of the matrix model. This representation clarify the relation to the lower
8In the paper[36], we used flat metric. To see the dependence of diagonal metric diag(−ge, ge, gb, gb) we
regard E˜ = E˜flat/ge etc.
9We use notations in Ref.[34], where θ = θ01s , g = ge here.
10This relation is, in fact, satisfied when we represent pˆcomm, qˆcomm as:
pˆcommα = 1⊗ 1⊗ · · · ⊗ pˆ⊗ . . . ,
qˆαcomm = 1⊗ 1⊗ · · · ⊗ qˆ ⊗ . . . , (4.10)
where pˆ and qˆ are in α’s place, and are satisfy [pˆ, qˆ] = i.
9
dimensional brane solution in the decoupling limit. Since F = 1/θ the decoupling limit
θαβ →∞ means Fαβ → 0. When Fαβ is zero, (α, β) direction cannot form the brane.
Let us think about the opposite limit:
θµν → 0 . (4.11)
Since
[xµ, xν ]⋆ = −iθµν , (4.12)
coordinates commute to each other in this limit. The momentum kµ is eigenvalue of Pˆµ :=
[pˆ, · ] (not of pˆ). Momenta commute to themselves without any limits because [Pˆµ, Pˆν] = 0.
So the limit eq.(4.11) can be called the commutative limit.
Next we try to draw a scenario of getting an almost commutative near 4 dimensional
spacetime. We start from, for instance, 6 dimensional solution of the matrix model. There
are three noncommutativity parameters θ01, θ23, θ45. We think of regions near following
limits:
θ01 → 0 ,
θ23 → 0 ,
θ45 → ∞ . (4.13)
Then we have a 4 dimensional commutative spacetime. Of cause this is not dynamical
determination, but just a fine tuning. That is beyond the scope of this paper. We will
discuss this possibility, however, in the final section.
✦✦
✦✦
✦❛❛❛❛❛✏✏
✏✏
✏
❅
❅
❅
❅
kc
k′c
k′′c
k′′′c
a open string consisting of four string bits which have momenta kc, · · · , k′′′c .
5 Conclusions and Discussions
We have considered the electric-magnetic duality and the decoupling-commutative limit in
the matrix model. 4 dimensional spacetime can be constructed as D3-brane solution of the
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model. It has non-selfdual solutions which we have treated in this paper. Then there are
two non commutativity parameters: θ01, θ23.
Electric-magnetic duality transformation changes those parameters as eq.(3.3), as well as
Yang-Mills coupling and electromagnetic fields. In addition, it corresponds to the rescaling of
matrices in the original matrix model, which has S-duality symmetry. In particular solution
related to a g, its duality is just the duality of U(1) Maxwell theory: eq.(3.6).
Decoupling limits have been defined as eq.(4.1). Open strings are decoupled from closed
strings by looking into their momenta, and the tension goes to zero. This has been also seen
from the relation θ01 and θ01s clearly in eq.(4.6)
Noncommutativity parameters manage making our 4 dimensional commutative space-
time. When θij → ∞ corresponding i, j directions decouple while αβ direction commutes
as θαβ → 0. Staring from higher dimensional brane, we can get an almost commutative and
near 4 dimension spacetime, by fine tuning of those parameters. Changing parameters may
be understood from the NCYM around the classical brane solution. That is, bi-local fields
on the brane may condense and change the back ground spacetime. We write:
Aα(x) = A0α(x) +A1α(x) , (5.1)
where A0(x) is a solution of NCU(1). In the matrix model, we can regard A0(x) as a part
of back ground. Namely, new background happens:
pˆα → pˆ′α = pˆα + Aˆ0α . (5.2)
From this expression we find the spacetime and the field on it are treated unified way. For
example, if we choose a solution of eq.(1.1): A0α(x) = 12F ′αβxβ, (F ′: constant), then pˆ′
satisfies: [
pˆ′α, pˆ
′
β
]
= i(F + F)αβ , (5.3)
where F is field strength of A0 and relates to F ′ as F = F ′ + 1
4
F ′F−1F ′. Thus the back-
ground spacetime can change dynamically. So, considering solutions of NCYM may give
understanding of the relation to the commutative (different dimensional) background[39],
S-dual back ground, and so on.
Recently there are also various studies for nonperturbative solution of NCYM: [40][41][32]
[6][42]. It is interesting to map them to the matrix in the sense of: A0 → Aˆ0. In this paper
we have concentrated to the electric-magnetic duality, only because of avoiding complexity
in the first step. We have seen, however, full S-duality with supersymmetry may have more
11
interesting feature, combining T duality. NCYM from IIB string theory are studying now
by a lot of group and F-string and D-string are considered there[34][35][43][13]. It is also
possible to consider them in the matrix model, which is going to be our next theme. With
the help of above related approaches, we probably understand, in near future, how our 4
dimensional universe happens.
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